We consider cocycles with negative Lyapunov exponents de ned over a hyperbolic dynamical system. It is well-known that such systems possess invariant graphs and that under spectral assumptions these graphs have some degree of H older regularity. When the invariant graph has a slightly higher H older exponent than the a priori lower bound (even on just a set of positive measure), we show that the graph must be Lipschitz or (in the Anosov case) as smooth as the cocycle.
x1 Introduction
In this paper we consider the regularity of dynamically invariant graphs of skew-product systems with uniformly hyperbolic base dynamics and uniform or nonuniform contraction in the bre.
Our work is related to that of Hirsch, Pugh and Shub 2], Stark 5, 6 ] and Kaplan, Mallet-Paret and Yorke 4], who have investigated the existence and regularity properties of invariant graphs in skew-product systems. Similar results have been proved in the setting of group-valued cocycle equations 7, 8] .
Suppose f : M ! M is a C 1 di eomorphism of a C 1 compact Riemannian manifold M and suppose that is a locally maximal hyperbolic set and fj is an Axiom A di eomorphism which has an invariant equilibrium measure m corresponding to a H older continuous function. Often we shall assume that = M, so that f is Anosov.
There for each y 2 W. We shall often assume that g is C k ; in this case, we implicitly require Y to have a smooth Riemannian structure.
We form the skew-product F(x; y) = (f(x); g(x; y)):
(1.1)
To simplify notation we write g(x; y) = g(x)y and consider g : ! C(Y; Y ) as a family of continuous mappings of Y . If for each x, g(x) is assumed invertible (as we will for most of this paper) we denote g(x) ?1 by h(x). We de ne g n (x) by F n (x; y) = (f n (x); g n (x)y) and similarly de ne (where appropriate) h n (x) by F ?n (x; y) = (f ?n (x); h n (x)y). For heuristic reasons we also write g n (x)y as g(f n?1 x)g(f n?2 x) g(x)y, i.e. as a composition of operators acting on Y . We say that g is uniformly contracting if there exists + < 0 and c 0 such that d(g n (x)y; g n (x)y 0 ) ce n + d(y; y 0 )
for all x 2 X. Take any continuous function v : ! Y . Then it is easy to check that g n (f ?n x)v(f ?n x) converges uniformly to a continuous function . Moreover, the graph of is invariant under the skew product F; equivalently solves the functional equation
Under the additional assumption that g is -H older for some 0 < 1 then the following result provides a degree of regularity for . We will assume from now on that our skew-product is partially hyperbolic. In the case of uniform contraction the system satis es ? s < ? < + < 0 < u :
The main result of this paper states that in our setup Proposition 1.1 is generically optimal. To be more precise we introduce some useful de nitions. We are now ready to state our main results in the case of uniform contraction. We assume that F(x; y) = (f(x); g(x)y) is a partially hyperbolic system as described above. We say that a function is C k? if it is C k?1 and the (k ? 1) or, (ii) is smooth (in which case dim B (graph( )) = 2). Dimension estimates in our setup will appear in a forthcoming paper 9].
x1.1 Non-uniform contraction
We now discuss our results in the context in which g contracts nonuniformly. We still assume that there exist constants C; c > 0, ? < + , such that for all n 2 N equation 1.2 and equation 1.4 hold but + > 0 is allowed. In this setting we are not guaranteed the existence of a continuous invariant graph (or indeed an invariant graph at all) and so we will consider the regularity properties of invariant measurable graphs.
One context in which there always exists a measurable attracting invariant graph is that of \contraction on average".
Suppose that (and jjg(x) ?1 jj is de ned similarly). In this context we will say that the skew-product contracts on average if there exists < 0 such that
for m a.e. x 2 . As a consequence of contraction on average we have the following result of Stark 6] , which applies in a more general setting: Proposition 1.8 ( 6] Then for any 0 < such that < ? = s;max we can construct a nested sequence k , k 2 N of compact sets such that m( k ) ! 1 and j k is H older of exponent .
We now assume that f is a C k Anosov di eomorphism, equipped with an ergodic equilibrium measure m corresponding to a H older function.
We assume that g(x) is invertible for each x and denote h(x) = g(x) ?1 .
We will rst assume that we are in the setting of Proposition 1.9 i.e. Under the assumption of contraction of average in the sense of Proposition 1.9 we have the following generalisation of Theorem 1.3 in the nonuniform case. Assume that is a measurable invariant graph for the partially hyperbolic map F which contracts on average in the sense of Proposition 1. x (t); s;n x (t)) = d(h n (t)h(f n t)g(f n x) (f n x); h n (t)h(f n t)g(f n t) (f n x)) Ce ?n ? d(g(f n x) (f n x); g(f n (t)) (f n x)):
As is continuous, hence bounded, we have
where is the H older constant of x 7 ! g(x; Proof. As F(t; s x (t)) = (f(t); g(t) s x (t)) the claim follows from the fact that g(t) s x (x)) = d(h n (t) (f n x); h n (x) (f n x)) n?1 X j=0 d(h(t) h(f j?1 t)h(f j t)h(f j+1 x) h(f n?1 x) (f n x); h(t) h(f j?1 t)h(f j x)h(f j+1 x) h(f n?1 x) (f n x)) Let n j " 1 be such that f n j x 0 2 H C;d ( ). Then for each n j d( (t); s x 0 (t)) = d(h n j (t) (f n j t); h n j (t) (f n j x 0 )) Ce ?n j ( ? + s) d(x 0 ; t) :
Letting n j ! 1 yields (x 0 ) = 0 by partial hyperbolicity and the assumption on . Similarly (f n x 0 ) = 0 for each n > 0 so that (x) = 0 on a dense set; hence (x) = 0 everywhere and the lemma follows. Proof. Note that F n (t; s x (t)) = (f n (t); g n (t) s x (t)) and F n (x; (x)) = (f n (x); (f n (x))). As d(f n (t); f n (x)) Ce ?n s d(x; t), it su ces to prove that d(g n (t) s x (t); (f n (x))) Ce ?n s d(x; t). By partial hyperbolicity, the sum on the right-hand side of (2.10) is nite, and the lemma follows.
x2.Regularity along unstable manifolds
We show that , when restricted to unstable manifolds, is always as regular as g. We emphasis that we do not need any partial hyperbolicity assumption here and we remark that the analogues of the functions (x; t) and (x) are always identically equal to zero.
Lemma 2.5 Let be an invariant graph corresponding to a C k cocycle g.
Then is uniformly C k along each unstable manifold.
Proof. The proof is similar to (but easier than) the stable manifold case above, so we merely sketch the arguments.
De ne for each x 2 and n > 0,
This is easily seen to be Cauchy (and we do not need the partial hyperbolicity assumption for this to hold). Hence the limit u x (t) = lim n!1 u;n x (t) exists. One can again check that the family of graphs de ned by u x are Lipschitz and are invariant in the sense that F ?1 (t; u x (t)) = (f ?1 (t); u f ?1 x (f ?1 t)). A similar argument to that for the local stable manifold case allows us to conclude that u x (t) = (t) (without any partial hyperbolicity assumption).
Finally, the convergence under f ?1 in the graphs is exponential at rate e ? u . Hence, by 2], these graphs correspond to the unstable manifolds of F and are therefore C k . 2 Proof of Theorem 1.3. We have seen that if alternative (i) in Theorem 1.3 fails then is uniformly C k along local stable and unstable manifolds. By a result of Journ e 3], we can conclude that is globally C k? . 2
x2.3 Generically the graph is nowhere di erentiable
We now show that generically the rst alternative in Theorem 1.3 occurs, namely that the invariant graph is nowhere C . Recall that the function (x; t) is an obstruction to the regularity of along stable manifolds. Also, recall that along unstable manifolds is always C k .
We now show that for a generic set of cocycles (x; t) 6 = 0; hence for this set of cocycles is not C k and therefore nowhere di erentiable.
Recall that is the unique continuous function : ! Y satisfying g(x) (x) = (fx) for all x 2 . Note that for xed v 2 Y , (x) = lim n!1 g(f ?1 x) g(f ?n x)v uniformly in n. There exists a neighbourhood U of t 0 such that U is disjoint from f n (t 0 ) for n 2 Z n f0g and the orbit of x.
We perturb g within the class of C k di eomorphisms (or bi-Lipschitz homeomorphisms in the Axiom A case). Denote the perturbed cocycle byg.
By making a su ciently small perturbation, we can assume thatg satis es the partial hyperbolicity conditions. We denote the corresponding perturbed objects by~ s x ,~ and~ . There is an open dense set of perturbationsg of g for which the right hand side is not zero, and the result follows. We will, as in the uniform contraction case, prove regularity along local stable/unstable manifolds.
x3.1 Regularity on local unstable manifolds Assume x; y 2 X 2 and x 2 W u loc (y). For all n 0 de ne x n and y n by f n x n = x and f n y n = y. Then using (1.3) we have d( (x); (y)) = d(g(f n?1 x n ) g(x n ) (x n ); g(f n?1 y n ) g(y n ) (y n )) d(g(f n?1 x n ) g(x n ) (x n ); g(f n?1 x n ) g(x n ) (y n )) for some constant C 0 > 0.
We now consider the rst term u n := d(g(f n?1 x n ) g(x n ) (x n ); g(f n?1 y n ) g(y n ) (y n )): Because m(L) > 1 2 there is a positive density of times n such that x n 2 L and y n 2 L. At these times (x n ); (y n ) are uniformly bounded by C. Since The argument along local stable manifolds proceeds in the same way with the obvious modi cations. We de ne x n = f n x, y n = f n y and consider the
The analysis of all terms except the rst term
proceeds exactly as before.
To deal with the rst term (under the assumptions of Theorem 1.10) suppose that m(H C;d ) > 0. Then by Poincar e recurrence x n ; y n 2 H C;d for in nitely many times n, and at these times js n j e n(? ? The only di erence in the proof of the second, stronger dichotomy (a)
or (b) is that Lemma 3.1 must be used to ensure that s n k ! 0 along a subsequence n k . The proof that generically property (a) holds proceeds exactly as in the proof of Theorem 1.3. Theorem 1.12 is proved by using the arguments of x3.2, with obvious modi cations, to prove regularity of along local unstable manifolds. This is necessary since we do not have contraction on average which makes the argument establishing regularity along local unstable manifolds easier. In the case that we don't have contraction on average we require the extra condition that > + = u . An obvious modi cation of Lemma 3.1 to conditional measures on local unstable manifolds is all that is needed to nish the proof.
